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One-pion production
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P33(1232)
P11(1440)
D13(1520)
S11(1531)

elasticity

R M R ; GeV � R ( tot ) ; GeV � R (R ! � N )=� R ( tot )

P33 (1232)(� ++ ; � + ; � 0 ; � � ) 1:232 0:114 0:995

P11 (1440)(P +
11 ; P 0

11 ) 1:440 0:350(250 � 450) 0:6(0:6 � 0:7)

D 13 (1520)(D +
13 ; D 0

13 ) 1:520 0:125(110 � 135) 0:5(0:5 � 0:6)

S11 (1535)(S+
11 ; S0

11 ) 1:535 0:150(100 � 250) 0:4(0:35 � 0:55)
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Models in the second resonance region

Rein±Sehgal model Ann. Phys. 1981, widely used in neutrino event

generators; recently update by K.Kuzmin et al (Dubna), K.Hagiwara et al (KEK)

isobar model with phenomenological form factors OL, E.A. Paschos, PRD71,

PRD74
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Phenomenological description
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The electromagnetic hadronic vertex is parametrized in terms

of the electromagnetic nucleon-resonance (transition) form fac-

tors C(p)
i (Q2) and C(n )

i (Q2), which in general case do not

coincide for proton and neutron

The weak hadronic vertex is parametrized in terms of the

weak nucleon-resonance (transition) vector CV
i (Q2) and axial

CA
i (Q2) form factors

Question: How many form factors are for each resonance and how they
(couplings and Q2� dependences) can determined ?

Olga Lalakulich, NuFact06, Irvine, California, 29 Aug 2006 – p.4/30



Form factors for P33(1232)(J P = 3
2

+
)

Earlier articles in this notation: Dufner, Tsai, PR 168, 1801; Lewellyn Smith, PR 3 (1972) 261;

Schreiner, von Hippel, NPB58 (1983) 333; Paschos, Sakuda, Yu, PRD 69 (2004) 014013; Singh, Athar,

Ahmad, hep-ph/0507016;

The resonance �eld is described by a Rarita-Schwinger spinor  ( R )
� .

h� jV � jN i = � ( R )
�
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How the form factors can be determined

Axial FF: PCAC i � +
� q�

�
CA

5 + C A
6

m 2
N

q2
�

uN ; = � i
q

1
3

m 2
� f �

q2 � m 2
�

� +
� g� q� uN :

�(� ! � N ) = g2
� � kinematics

=) CA
5 (Q2 = 0) = g� f �p

3
= 1:2 CA

6 = m2
N

C A
5

m 2
� + Q 2

Vector FF: CVC q� J� = 0 =) CV
6 = 0,

comparison with electroproduction cross section (1968 - 1971) CV
3 (0) = 2:05 � 0:04, and

magnetic multipole dominance leads to CV
4 (0) = � m N

W CV
3 ; CV

5 = 0

FF fall down with Q2 faster than dipole
C V

3 (0)
D

1
1+ Q 2

4M 2
V

with (1 + Q 2

M 2
V

)2 � D V with M V = 0:84 GeV

2001: unambigious evidences from the JLAB for the contribution of the electric

E 2 � � 2:5%, of scalar multipoles S2 � � 5%. They are taken into account by extracting

the form factors from the helicity amplitudes OL, Paschos, Piranishvilli, PRD74
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Helicity amplitudes for P33(1232)
Helicity amplitudes evaluated from the electroproduction data on proton at W = M R Tiator et al., EPJA 19

(2004); Burkert, Li, IJMP 13 (2004); Aznauryan (talk at NStar 2005) The relations to CV
i are calculated by

our group at arbitrary Q2 and W
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Beyond the magnetic dominance

Magnetic dominance for low Q2: A 3=2 �
p

3A 1=2

QCD asymptotics for Q2 ! 1 :

A3=2 � 1
Q5 ; A1=2 � 1

Q3 ; S1=2 � 1
Q4

+ logarithmic corections
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helicity amplitudes at W = M P 1232 ,

QCD asymptotics for Q2 ! 1 :

CV
3 � 1

Q 6 ; CV
4 � 1

Q 8 ; CV
5 . 1

Q 8

CV
3 = 2:14=D V

1+ Q2 =4M 2
V

;

CV
4 = � 1:56=D V

(1+ Q2 =7:3M 2
V )2 ;

CV
5 = � 0:83=D V

(1+ Q2 =0:95M 2
V )2

CV
i = C(p)

i = C(n )
i

where D V = (1 + Q2=M 2
V )2,

M 2
V = 0:71 GeV 2

For Q2 < 3 GeV2 these form fac-

tors coincide with the ”magnetic dom-

inance” values with 4%accuracy
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P33(1232), axial form factors

From PCAC CA
5 = 1:2; CA

6 = m2
N

C A
5

m 2
� + Q 2 .

Other form factors CA
3 , CA

4 cannot be determined form general principles.

CA
4 = � CA

5 =4; CA
3 = 0 is favoured by Adler's model and gives good agreement with the

experiment.

As Q2 increases, axial form factors also fall down steeper than dipole.
1

D A
= 1�

1 +
Q2

M A
2

� 2 with M A � 1:0 GeV

Summary:

1) axial form factor C5 is determined through PCAC and expressed through the resonance

elastic decay width;

2) vector form factor are determined from electroproduction data, we are able to achieve

the same accuracy as in electroproduction data

The same procedure will be applied to higher resonances
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D13(1520): J P = 3=2� , I = 1=2

The formulas for this resonance are similar to that for P33 with the 
 5

changing the place: the are 3 independent vector form factors and

3 independent axial form factors

hD 13 jV � jN i = � ( R )
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D13(1520): Vector form factors

QCD asymptotics for Q2 ! 1 :

A3=2 � 1
Q5 ; A1=2 � 1

Q3 ; S1=2 � 1
Q4
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Helicity amplitudes for proton for W = M D 1520,

Data points from Aznauryan, talk at NStar 2005

are shown, updated points are coming ...

QCD asymptotics for Q2 ! 1 :

C3 � 1
Q 6 ; C4 � 1

Q 8 ; C5 � 1
Q 8

preliminary !

C(p)
3 = 2:98=D V

1+ Q2 =8M 2
V

C(p)
4 = � 1:17=D V

(1+ Q2 =17M 2
V )2 ;

C(p)
5 = � 0:49=D V

(1+ Q2 =37M 2
V )2 ;

C(n )
3 = � 1:15=D V

1+ Q2 =8M 2
V

C(n )
4 = 0:46=D V

(1+ Q2 =17M 2
V )2 ;

C(n )
5 = � 0:18=D V

(1+ Q2 =37M 2
V )2 ;

where D V = (1 + Q2=M 2
V )2, M 2

V =

0:71 GeV 2

CV
i = C(n )

i � C(p)
i
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D13(1520): Axial form factors

From PCAC CA
6 (Q2) = m2

N
C A

5 ( Q 2 )
m 2

� + Q 2 ; CA
5 (D 13 ) =

q
2
3 g� N R f D 13 = 2:1

The Q2 dependence cannot be determined from experiment because of the lack of the

data.

Instead, we consider two cases: (i) “fast fall-off”, in which the Q2 dependence is choosen

the same as for the P33 resonance, and (ii) “slow fall-off”, in which the Q2 dependence is

�atter and is taken to be the same as for the vector form factors for each resonace.

D13(1520) : CA
5 = 2:1=D A

1+ Q2 =3M 2
A

(“fast fall-off”)

CA
5 = 2:1=D A

1+ Q2 =9M 2
A

(“slow fall-off”) :
with the axial mass common for all the resonances M A = 1:05 GeV

We also do not know CA
3 , CA

4 and take CA
3 (Q2) = 0, CA

4 (Q2) = 0.
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P11(1440), J P = 1
2

+
and S11(1535), J P = 1

2
�

For the spin-1/2 resonances all formulas are simpler

hP11jJ � jN i = �u(p0)
�

gV
1

(mN + M R )2 (Q2
 � + 6qq� ) +
gV

2

mN + M R
i� � � q�

� gA
1 
 � 
 5 �

gA
3

mN
q� 
 5

�
u(p);

where � � � = i
2 [
 � ; 
 � ].

hS11jJ � jN i = �u(p0)
�

gV
1

(mN + M R )2 (Q2
 � + 6qq� )
 5 +
gV

2

mN + M R
i� � � q� 
 5

� gA
1 
 � �

gA
3

mN
q�

�
u(p);
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S11(1535): Vector form factors

QCD asymptotics for Q2 ! 1 :

A1=2 � 1
Q3 ; S1=2 . 1

Q4

+logarithmic corrections
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QCD asymptotics for Q2 ! 1 :

g(em )
1 � 1

Q6 ; g(em )
2 . 1

Q8

preliminary!

g(p)
1 = 1:87=D V

1+ Q2 =1:2M 2
V

h
1 + 7:07ln

�
1 + Q2

1 GeV 2

�i

g(p)
2 = 0:64=D V

(1+ Q2 =7M 2
V )2

h
1 + 1:05ln

�
1 + Q2

1 GeV 2

�i

neutron: g( n )
i = � g( p)

i — neglecting

isoscalar contribution (makes sense within

the accuracy of the data available)

Figure 30: Single quark model t ransit ion predict ion for the [70, 1Š ] mult iplet . The
SQTM predict ions are shown by the shaded band in comparison with the experi-
mental data. At Q2 = 0 the full circle is the Part icle Data Group est imate. For
Q2 > 0, measurements from JLab, Bonn, DESY, and NINA in � and � elect ropro-
duct ion are shown. For the S11(1535), the results of an analysis of the world data
in � -electr oproducti on presented in Ref. 151 are also included. The superscript o

refers to neutron states.

55

Figure 30: Single quark model t ransit ion predict ion for the [70, 1Š ] mult iplet . The
SQTM predict ions are shown by the shaded band in comparison with the experi-
mental data. At Q2 = 0 the full circle is the Part icle Data Group est imate. For
Q2 > 0, measurements from JLab, Bonn, DESY, and NINA in � and � elect ropro-
duct ion are shown. For the S11(1535), the results of an analysis of the world data
in � -electr oproducti on presented in Ref. 151 are also included. The superscript o

refers to neutron states.

55

Burkert, Li, IJMP 13 (2004)
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P11(1440): Vector form factors

QCD asymptotics for Q2 ! 1 :

A1=2 � 1
Q3 ; S1=2 � 1

Q4
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QCD asymptotics for Q2 ! 1 :

g(em )
1 � 1

Q6 ; gem
2 . 1

Q8 ;

preliminary!

g( p)
1 =

2:3=DV

1 + Q2=1:2M 2
V

�
1 + 0:97 ln

�
1 +

Q2

1 GeV2

��
;

g( p)
2 =

� 0:76=DV
�
1 + Q2=40M 2

V

� 2

�
1 � 2:8 ln

�
1 +

Q2

1 GeV2

��

neutron: g(n )
1 = � g(p)

1 — neglecting

isoscalar contribution (which makes sense

within the accuracy of the data available)

CV
i = C(n )

i � C(p)
i
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Axial form factors

Axial form factors are determined from PCAC and elastic resonance width

P11(1440) : gA
3 (Q2) = m N (M R + m N )

Q2 + m 2
�

gA
1 (Q2); gA

1 (0) =
q

2
3

gP 11 f �
M R + m N

= 0:51

S11(1535) : gA
3 (Q2) = m N (M R � m N )

Q2 + m 2
�

gA
1 (Q2); gA

1 (0) =
q

2
3

gS 11 f �
M R � m N

= 0:21

The Q2 dependence for gA
1 is not known, so we again consider “fast fall-off” and “slow

fall-off” cases:

P11(1440) : gA
1 (Q2) =

0:51=DA

1 + Q2=3M 2
A

(“fast fall-off”)

gA
1 (Q2) =

0:51=DA

1 + Q2=4:3M 2
V

(“slow fall-off”) ;

S11(1535) : gA
1 (Q2) =

0:21=DA

1 + Q2=3M 2
A

(”fast fall-off”)

gA
1 (Q2) =

0:21=DA

1 + Q2=1:2M 2
A

�
1 + 7:1 ln

�
1 +

Q2

1 GeV2

��
(”slow fall-off”) :
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How to calculate the cross section

The calculations have been done Schreiner, von Hippel, NPB 58 (1973) 333, neglecting lepton,

that is a valid approximation at Q2 >> m2
� . Recent formulas including muon mass Paschos,

O.L., PRD 71 (2005) 074003 we present it in a form close to DIS. The cross section in this form

is the same for all the resonances
d�

dQ2dW
=

G2

4�
cos2 � C

W
mN E 2

(

W1(Q2 + m2
� ) +

W2

m2
N

�
2(pk)( pk0) �

1
2

m2
N (Q2 + m2

� )
�

�

W3

m2
N

�
Q2(pk) �

1
2

(pq)( Q2 + m2
� )

�
+

W4

m2
N

m2
�

(Q2 + m2
� )

2
� 2

W5

m2
N

m2
� (pk)

)

and the hadronic structure functions are de�ned as usual

W �� = � g�� W1 + p� p� W 2
m 2

N
� i" �� � � p� q�

W 3
2m 2

N
+ W 4

m 2
N

q� q� + W 5
m 2

N
(p� q� + p� q� )

The functional dependence of the structure functions on the form factors vary with

resonance.

W1, W2, W3 give main contribution; Wi in terms of Ci are given in our paper

W3 describe the vector-axial interference

W4, W5 contribute to the Xsec proportional to the lepton mass
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Structure functions

assume that the isoscalar contribution is negligibly small
and use the relation A�n�

1=2 � � A�p�
1=2. The isovector contri-

bution in the neutrino production is now given as gV
i �

� 2g�p�
i .

Thedifferential crosssection isexpressed again with the
general formula (4.1). Thehadronic structure functionsare
calculated explicitly to be:

W i �Q2; � � �
1

mN
Vi �Q2; � �R�W; MR�

V1 �
�gV

1 �2

� 4 Q4
� pq � m2
N � mNMR�� �

�gV
2 �2

� 2 
2�pq�2

� Q2�m2
N � mNMR � q � p��

�
gV

1 gV
2

� 3 2Q2
� pq�� MR � mN� � mNQ2�

� �gA
1 �2�m2

N � mNMR � q � p� (4.25)

V2 � 2m2
N

�
�gV

1 �2

� 4 Q4 �
�gV

2 �2

� 2 Q2 � �gA
1 �2

�
(4.26)

V3 � 4m2
N

�
gV

1 gA
1

� 2 Q2 �
gV

2 gA
1

�
�MR � mN�

�
(4.27)

V4 � m2
N

�
�gV

2 �2

� 2 
q � p � m2
N � mNMR�

�
�gV

1 �2

� 4 
2�pq�2 � Q2�pq � m2
N � mNMR��

�
gV

1 gV
2

� 3 
q � p�MR � mN� � mNQ2� � 2gA
1gA

3

�
�gA

3 �2

m2
N


� pq� � m2
N � mNMR�

�
(4.28)

V5 � m2
N

�
2

�gV
1 �2

� 4 Q2q � p � 2
�gV

2 �2

� 2 q � p � �gA
1�2

�
gA

1gA
3

mN
�MR � mN�

�
; (4.29)

wheretheupper sign correspondsto P11 and the lower sign
to S11 resonance.

As it is shown in Appendix A, PCAC allowsus to relate
the two axial form factors and � x their values at Q2 � 0:

gA�P�
3 �

�MR � mN�mN

Q2 � m2
�

gA�P�
1 ; gA�P�

1 �0� � � 0:51:

The Q2 dependence of the form factors cannot be deter-
mined by general theoretical consideration and wil l haveto
be extracted from the experimental data. We again sup-
pose, that the form factor are modi�ed dipoles

gA�P�
1 �

gA�P�
1 �0�=DA

1 � Q2=3M2
A

: (4.30)

D. ResonanceS11�1535�

For the S11 the amplitude of resonance production is
similar to that for P11 with the � 5 matrix exchanged
between the vector and the axial parts

hS11jJ� jNi � �u�p0�
�

gV
1

� 2 �Q2� � � q6q� �� 5 �
gV

2

�
i� �
 q
 � 5

� gA
1 � � �

gA
3

mN
q�

�
u�p�:

(4.31)

The helicity amplitudes

AS11
1=2 �

�������
2N

p �
g�em�

1

� 2 Q2 �
g�em�

2

�
�MR � mN�

�

SS11
1=2 �

����
N

p
qz

�
�

g�em�
1

� 2 �MR � mN� �
g�em�

2

�

� (4.32)

are used to extract the electromagnetic form factors.
Asin thecaseof P11�1440� resonance, wechoosehereto

� t only proton data on helicity amplitudes and neglect the
isoscalar contribution to the electromagnetic current
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FIG. 5 (color online). Helicity amplitudes for the P11�1440�
resonance, calculated with the form factors from Eq. (4.24). For
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These are the formulas for the spin-

1/2 resonances

� signs here correspond to P11 and

S11 resonances, respectively

Formulas for spin-3/2 resonances

are more cumbersome

Olga Lalakulich, NuFact06, Irvine, California, 29 Aug 2006 – p.18/30



Cross section for � � p ! � � � ++ ! � � p� +
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Cross section in Sato±Lee model

account for the variation of neutrino ¯ ux in the experiments
at ANL @33#and BNL @21#. We calculate the following quan-
tity:

dsÅ

dQ2
5 FE

Emin

Emax
dEn

N~En!

s model~En!

ds model

dQ2
~En!GY

FE
Emin

Emax
dEn

N~En!

s model~En!G, ~94!

where N(En) is the distribution of events in neutrino energy
En which is within the range between Emin and Emax , and
s model (En) is the calculated total cross section. The distribu-
tions N(En) are given in Fig. 6 of Ref. @33# and Fig. 4 of
Ref. @21#.

The predictions from model I are compared with theANL
data @33#in Fig. 6. We see that our predictions ~solid curve!
agree reasonable well with the data both in magnitude and
Q2 dependence. In Fig. 6 we also compare the contributions
from vector current ~dot-dashed curve! and axial vector cur-
rent ~dotted curve!. They have rather different Q2 depen-
dence in the low Q2 region and interfere constructively with
each other to yield the solid curve of the full results. Since
vector current contributions are very much constrained by
the (e,e8p ) data, the results of Fig. 6 suggest that the axial
vector currents constructed in Sec. III are consistent with the
data.

For comparing with the BNL data @21#, we normalize the
calculated dsÅ/dQ2 to the events data of Fig. 5 of Ref. @21#at

Q25 0.2 (GeV/c)2. As shown in Fig. 7, the data can be re-
produced very well by model I. The BNL data was used in
the most recent attempt @21# to extract the axial N-D form
factor. We will discuss this later.

The comparison with CERN data @34#is given in Fig. 8.
Here the data have some structure, which is perhaps mainly
due to the poor statistics of experiment. We see that model I
can reproduce the main feature of the Q2 dependence.

To explore the effects due to the dynamical pion cloud on
the N-D form factors, it is instructive to recall here the re-
sults of Ref. @2# for the magnetic M1 gN! D transition.
This result is displayed in the left panel of Fig. 9. We see that
the pion cloud effect is essential in explaining the empirical
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account for the variation of neutrino ¯ ux in the experiments
at ANL @33#and BNL @21#. We calculate the following quan-
tity:

dsÅ
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s model~En!
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where N(En) is the distribution of events in neutrino energy
En which is within the range between Emin and Emax , and
s model (En) is the calculated total cross section. The distribu-
tions N(En) are given in Fig. 6 of Ref. @33# and Fig. 4 of
Ref. @21#.

The predictions from model I are compared with theANL
data @33#in Fig. 6. We see that our predictions ~solid curve!
agree reasonable well with the data both in magnitude and
Q2 dependence. In Fig. 6 we also compare the contributions
from vector current ~dot-dashed curve! and axial vector cur-
rent ~dotted curve!. They have rather different Q2 depen-
dence in the low Q2 region and interfere constructively with
each other to yield the solid curve of the full results. Since
vector current contributions are very much constrained by
the (e,e8p ) data, the results of Fig. 6 suggest that the axial
vector currents constructed in Sec. III are consistent with the
data.

For comparing with the BNL data @21#, we normalize the
calculated dsÅ/dQ2 to the events data of Fig. 5 of Ref. @21#at

Q25 0.2 (GeV/c)2. As shown in Fig. 7, the data can be re-
produced very well by model I. The BNL data was used in
the most recent attempt @21# to extract the axial N-D form
factor. We will discuss this later.

The comparison with CERN data @34#is given in Fig. 8.
Here the data have some structure, which is perhaps mainly
due to the poor statistics of experiment. We see that model I
can reproduce the main feature of the Q2 dependence.

To explore the effects due to the dynamical pion cloud on
the N-D form factors, it is instructive to recall here the re-
sults of Ref. @2# for the magnetic M1 gN! D transition.
This result is displayed in the left panel of Fig. 9. We see that
the pion cloud effect is essential in explaining the empirical
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Conclusion: ANL data show a steeper Q2±dependence than BNL data
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Cross section for � � p ! � � � ++ ! � � p� +
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The low Q2 region still to be determined and understood precisely.

Factors, which decrease the cross section are: 1) Pauli blocking Paschos, Sakuda, Yu PRD 69

(2004) 014013 2) muon mass effects Paschos, O.L., PRD 71 (2005) 074003

For the d� =dQ2 lepton mass effects are noticable at low Q2 for small neutrino energies.
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� -production: � � p ! � � � ++ ! � � p� +

Taking into account nonzero mass if the �nal lepton reduces the cross section in two ways:

1) due to the kinematical restrictions on the phase space available

2) due to the ”small” structure functions W4 and W5
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blue line: structure functions in the DIS limit: W4 = 0, W5 = W2=2x
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Neutrinoproduction at different E�
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BEBC:  nn -> m- R

At E � < 1 GeV the second resonance region is negligible in neutrino scattering. It

will not be seen in K2K and MiniBOONE.

At E� � 50 GeV the two peaks are clearly seen. However, BEBC experiment Allasia

et al, NPB 343 (1990) 285 didn't resolve them.
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� n ! R+ ! p� 0, � n ! R+ ! n� +
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Adler sum rule
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Adler sum Rule is satis�ed with a 10%accuracy
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Duality for electron scattering: F eN
2

The use of the Nachtman scaling variable � = 2x
1+(1+4 x 2 m 2

N =Q 2 )1= 2 includes some of

the target mass corrections

As Q2 increases, the resonance curves should slide along the DIS curve
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Duality neutrino Charge Current reaction

OL, E.A. Paschos, W. Melnitchouk, hep-ph/0608058

Duality does NOT work for protons and neutrons separately
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Duality for CC neutrino scattering: F � N
2
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The discrepancy will be eleiminated by in-

cluding other resonances, or background,

or modifying the FF at large Q2.
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Duality for 2xF eN
1 and 2xF � N

1
DIS: 2xF1 =

�
1 + 4m 2

N x 2
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Summary

We present a general formalism for analysing the excitation of resonances by

electrons and neutrinos

We use recent data on helicity amplitudes from JLAB and Mainz accelerator to

determine the electromagnetic and weak vector form form factors including

Q2-dependences

For the isospin-1/2 resonances the form factors fall down not so fast as for the � .

For P11(1440)and S11(1535)decreasing at small Q2 is even slower than dipole.

The contribution of the isospin-1/2 resonances to the cross section grows with the

increasing energy of the incoming neutrinos.

Quark±hadron duality for CC neutrino scattering is satis�ed in the region

Q2 = 0:2 � 2 GeV 2 for the (F � p
2 + F � n

2 )=2 at least at � 20%level of accuracy,

which is better than for electron scattering. The Adler sum rule is satis�ed with a

10%accuracy.
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